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Let r be a group. When is f linear? This is an old problem. The first to 
study this question systematically was Malcev in 1940 [M], who essen- 
tially reduced the problem to finitely generated groups. (Note that a finitely 
generated group is linear over some field of characteristic zero if and only if 
it can be embedded in CL,(C) for some n.) Very little progress was made 
since that paper of Malcev, although, as linear groups are a quite special 
type of group, many necessary conditions were obtained, e.g., r should be 
residually finite and even virtually residually-p for almost all primes p, f 
should be virtually torsion free, and if not solvable by finite it has a free 
non-abelian subgroup, etc. (cf. [Z]). Of course, none of these properties 
characterizes the finitely generated linear groups over @. In this paper we 
give such a characterization using the congruence structure of r. 
First some definitions: For a group H, d(H) denotes the minimal number 
of generators for H. 
DEFINITION. Let p be a prime and c an integer. A p-congruence structure 
(with a bound c) for a group r is a descending chain of finite index normal 
subgroups of r = N, 2 N, 2 N, z . . such that: 
(i) fYZoNI= (1); 
(ii) N,/N, is a finite p-group for every i3 1; 
(iii) d($JN,)dc for-jai> 1. 
The example one should keep in mind is r= ,X,(Z) and N, = the p’- 
congruence subgroup =Ker(SL,(H) + &5,(Z/p’Z)). It follows from 
Proposition 2 below (or directly) that this is a p-congruence structure with 
c = n* - 1. One can also find a p-congruence structure in any polycyclic 
group or more generally in every group of finite Priifer rank which is 
virtually residually-p. 
THEOREM. Let r be a finitely generated group. Then the following three 
conditions are equivalent. 
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(A) r is linear in characteristic 0 (i.e., f is isomorphic to a subgroup 
of CL,(C) for some n). 
(B) f has a p-congruence structure for some prime p. 
(C) r has a p-congruence structure for almost all primes p. 
The proof of the theorem is based on the characterization of the p-adic 
Lie groups (“the p-adic Hilbert fifth problem”). This problem was solved 
for the first time by Lazard [L], but for our purposes a recent charac- 
terization (see Theorem 1 below) given by A. Mann and the author in 
[LM] is more suitable. 
The proof is given in Section 1. In Section 2, we will relate the degree of 
linearity to the bound c on the ranks (but we do not have a charac- 
terization of the linear groups of a given degree n). We conclude in Section 
3 with some applications and suggestions for further research. 
Finally, we remark that a similar (in fact, even simpler) method can also 
give a characterization of finitely generated matrix rings over fields of 
characteristic zero. This will be presented elsewhere. 
NOTATION AND CONVENTIONS 
Z, C, Q,, f,, FP stand for the integers, the complex numbers, p-adic 
numbers, p-adic integers, and the field of order p, respectively. Priifer rank 
for a finitely generated (pro-finite) group H is defined as sup{ d(K)lK a 
finitely generated (closed) subgroup of H}, where d(K) means the number 
of (topological) generators. If R is a commutative ring, M,(R) denotes the 
n x n matrices and CL,(R) the invertible ones (in M,(R)). A group H has 
“virtually” some property if it has a finite index subgroup with that 
property. It is residually-p for a prime p if the intersection of the normal 
subgroups ofp-power index in H is trivial. We will assume some familiarity 
with the theory of Lie groups and for facts about p-adic Lie groups the 
reader is referred to [Sl, B, L, LM]. 
Finally, in this paper, by a linear group we mean a group of matrices 
over a field of characteristic zero. 
1. PROOF OF THE THEOREM 
Recall that a topological group G is a p-adic Lie group (or p-adic 
analytic group) if it has a structure of a p-adic manifold, with respect to 
which the group operations are p-adic analytic functions (it is known that 
if such a structure exists it is unique). The dimension of G is the dimension 
of the manifold. A compact p-adic Lie group is virtually pro-p, i.e., it 
contains an open (finite index) pro-p group (cf. [B, Sl, L, LM]). But the 
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converse is not true. The following characterization from [LM] is crucial 
for both implications of our theorem. 
THEOREM 1. Let G be a finitely generated virtually pro-p group. 
(i) G is p-adic analytic tf and only tf the Prtifer rank of G is finite. 
Moreover, dim G = min{ Priifer rank(K)IK open in G}. 
(ii) V (Ki}?, is a descending chain of open normal subgroups of G 
such that n K, = { 1 }, then G is p-adic analytic if and only if d(K,) is 
bounded, in which case d(K,) is constant for sufficiently large i and equal to 
dim G. 
From Theorem 1 we will deduce first: 
PROPOSITION 2. A group r has a p-congruence structure with a bound c 
if and only if I- can be embedded in a compact p-adic analytic group of 
dimension c. 
Proof: Assume Tc G and G is a p-adic analytic group of dimension c, 
then by Theorem l(i) there exists an open subgroup K whose Priifer rank 
is c. By the remark above and because of the fact that K is of finite index, 
we can assume, by replacing K by a smaller subgroup if needed, that K is 
pro-p and normal in G. Let {K,} p”= , , K, = K, be a descending chain of open 
subgroups of K which are normal in G and forms a basis for the 
neighbourhoods of the identity in G. Take Ni = Tn K, then clearly 
ni Ni= { l> and, for every i, N,/N, = N,/rn Ki = N,/N, n Ki = 
N, . KJK, c KJK,, which shows that NJN, is a finite p-group of Priifer 
rank less or equal to c. This shows that { Ni) forms a p-congruence struc- 
ture for r with a boundc. 
Assume now that we begin with such a structure on r, The finite index 
normal subgroups Ni define a topology on r for which the family {Ni} 
serves as a fundamental system of neighbourhoods of the identity (cf. [Hi, 
p. 281). Let G be the completion of r with respect to this topology, i.e., 
G = hI’/N,. From condition 1, in the definition of p- congruence struc- 
ture, it follows that the canonical map r + G is injective, while condition 2 
implies that G is a virtually pro-p. It remains to show that dim G < c: 
To this end let Ki be the closure of Nj in G, then {Ki} forms a fundamen- 
tal system of neighbourhoods of the identity for G, so (I K, = { 1 }. At the 
same time Ki = lim; 3 i N,iN,. Thus d( Ki) = supj d( NJN,) [LM, Proposition 
2.21. So, d(Ki) < c and, by Theorem l(ii), G is analytic of dimension <c. 
The next lemma is well known, but we have not been able to locate an 
explicit reference; anyway, it can be deduced from [N, Theorem 14.4; 
Theorem 71. Part (a) of it is needed here while part (b) will be used in 
Section 2. 
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LEMMA 3. Let A be a finitely generated integral domain of characteristic 
zero. Then : 
(a) For almost every prime p, A can be embedded in D,, where D, is 
the ring of integers in a finite extension of Q, (in particular [D, : zp] < co ). 
(b) For infinitely many primes p, D, can be taken to be 2, itself: 
To prove the main theorem, (A) = (C): r is a subgroup of GL,(C) but 
as it is finitely generated, we have, in fact, that r is a subgroup of GL,(A) 
for some finitely generated ring A of characteristic zero. By Lemma 3 it can 
be embedded in D,, where [D,: t,] =r< co. So T~GL,(A)EGL,,(D,). 
The latter is a p-adic Lie group of dimension rn*, so by Proposition 2, r 
has a p-congruence structure. (In Section 2, we will present a more detailed 
analysis of the bound c.) 
For the other direction (B) * (A): 
PROPOSITION 4. A compact p-adic Lie group in G is linear over 62,. 
ProoJ: Let L be the Q,-Lie algebra of G. By Ado’s theorem [B, 
Chap. 1, Sect. 7,3], L has a faithful representation @: L + M,(Q,). The 
correspondence between representations of L and of G implies that G is 
locally linear, i.e., there exists an open subgroup H of G and a represen- 
tation cp: H + GL,(Q,) with a discrete kernel K As G is compact, H is of 
finite index and K is finite. Moreover, G, being a pro-finite group, is 
residually finite so there exists a finite index (open) subgroup H, such that 
Kn H, = { 1 }. So we see that rp restricted to H, = H, n H is a faithful 
representation, The induced representation Ind$(q) is the desired faithful 
representation of G. This proves Proposition 4. 
Altogether, if r has a p-congruence structure then r is embedded in a 
compact p-adic Lie group G (Proposition 2) and G s GL,(Q,) for some n 
(Proposition 4). Since Qep is “algebraically” a subfield of C, we have an 
embedding r -+ GL,(@). Q.E.D. 
Looking carefully at the proof of the theorem, we see that in the 
implication (B) 3 (A) we do not use the fact that r is finitely generated. In 
fact in the converse (A) ==- (C), we use this assumption merely to conclude 
that rs GL,(A) for a finitely generated ring A. We therefore deduce: 
COROLLARY. (i) Ifr is any group with a p-congruence structure then r is 
linear. 
(ii) If r is a subgroup of GLJA), where A is a finitely generated com- 
mutative domain of characteristic 0, then r has a congruence structure for 
almost every prime p, 
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Remarks. (i) We should note that in the definition of p-congruence 
structures, the bound on d((NJN,) does not give any bound on d(Ni). For 
example, a free group has a p-congruence structure with c = 3, but for every 
descending sequence of finite index subgroups { Ni}, d(NJ is unbounded. 
For the asymptotic behavior of d(Ni) for linear groups the reader is 
referred to [Lu]. 
(ii) From the proof of the theorem (and especially from Theorem 1) 
one can see that condition (3) in the definition of p-congruence structure 
could be replaced by 
(3’) Priifer rank(N,/JVJ d c, 
and the theorem (and Proposition 2) would still be valid. 
2. ON THE CONNECTION BETWEEN n AND c 
An analysis of the proof can also relate the degree of linearity of the 
group (i.e., the minimum n for which r has a faithful representation in 
G&(C)) to the bound c of the ranks of the finite quotients. We can expect 
to relate them only up to finite index subgroups. (Note that for finite 
groups c = O!) 
DEFINITIONS. (i) Two groups Ti (i = 1, 2) are called commensurable if
there exist finite index subgroups Hi < Ti such that H, % H,. We will say 
that f I is commensurable up to center with r, if H,/Z z H,, where Z is a 
central subgroup of H,. 
(ii) For a group r define the extended center to be 
A(f)= (XEfl(r: C,(x))< co} 
= U { C,(L)JZ, is a finite index subgroup of r}, 
where C,(Y) denotes the centralizer of a subset Y in f. 
LEMMA 5. If r is a linear group then A(T) is equal to C,(L) for some 
finite index subgroup L of IY 
Proof: Say rs GL,(C) and let H be the Zariski closure of r. Take 
L = Tn Ho, where p denotes the identity component of H. Clearly 
C,(L) d A(T). Now, if XE A(T) then x commutes with some finite index 
subgroup M of r. Hence, it commutes with its Zariski closure which is of 
finite index in H and therefore contains Ho. Thus x commutes with Ho and 
with L. 
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PROPOSITION 6. Zf a group r has a p-congruence structure with a bound c 
then r is commensurable up to center with a linear group of degree c. 
Proof: Let G be the completion of r with respect to the p-congruence 
structure. As in the proof of the theorem, G is a p-adic Lie group of dimen- 
sion dc. The adjoint representation Ad of G on its Lie algebra gives a 
representation of G of degree c and its kernel is A(G). So regarding r, this 
is a representation with kernel d(G) n r= A(T). By Lemma 5 we deduce 
that r is commensurable up to center with Ad(T), which is linear of 
degree c. 
Remark. It is very likely that our estimate in Proposition 6 is not 
optimal. If one wants to estimate the degree of linearity of r up to com- 
mensurability (and not just up to “commensurability up to center” as we 
did) one can use the representation coming from Ado’s theorem instead of 
the adjoint representation, but then the estimate will be much worse. 
In the other direction we have the following: 
PROPOSITION 7. Zf r is a finitely generated linear group of degree n then 
for infinitely many primes p, r has a p-congruence structure with bound n2. 
Proof: As before, Tc GLJA), where A is a finitely generated integral 
domain of characteristic zero. So, by Lemma 3, A can be embedded in 2, 
for inlinitely many primes. Hence r< GL,(Z,) and the latter is a p-adic 
analytic group of dimension n2, so Proposition 2 gives our claim. 
We should remark that Proposition 7 is not true for almost all primes. 
To see this consider the group r= SL,(O), where n > 3 and 0 is the ring of 
integers is a number field k to be specified later. From the affirmative 
solution to the congruence subgroup problem (cf. [BMS]) we know that 
(up to a finite kernel) f, the pro-finite completion of r, is equal to 
SL,(6) = np SL,(6,), where 6, is the completion of 0 with respect o a 
prime ideal P and P runs over all the prime ideals of 0. If r is embedded 
densely in some compact p-adic Lie group G then G is a quotient of f and 
hence G is commensurable to JJp SL,(6,), where this time P runs over a 
finite set of primes all lying over p (remember that every normal subgroup 
of SL,(6,) is either finite or of finite index). The dimension of SL,(O,) is 
equal to (n2 - 1) r, where r = dim,(O/P) when p is an unramified prime. It 
follows from Proposition 2 that if r has a p-congruence structure with a 
bound c then c > min{(n2 - 1) dim,&O/P)(PaO lying over p]. Now, let k 
be the cyclotomic field O(s), where 1 is a prime. Then (k: Q) = I- 1. 
From the Cebotarev density theorem one knows that there are infinitely 
many primes which are still primes and unramified in k. For such primes 
C>(?Z2- 1 )(I- 1). This example shows that we cannot prove the last 
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proposition for almost every prime even if we are willing to replace n2 by 
any other function of n. The same example shows that in Proposition 7 the 
estimate n2 can be improved at best to n2 - 1. In any event there is still a 
gap between Propositions 6 and 7, which leaves the question of charac- 
terizing the linear groups of degree n open. 
3. SOME APPLICATIONS 
A group f is called a Priifer group if its Priifer rank is finite. Finitely 
generated linear groups either contain non-abelian free groups or are 
solvable by finite (Tits) and solvable Priifer groups are polycyclic (cf. 
[W. p. 1961) so linear Priifer groups are polycyclic by finite. For a while 
these were the only known examples of Prtifer groups. The solutions of 
Olshanski and Rips (independently) to the Tarski problem made it clear 
that there is a good supply of Priifer groups which are not solvable by 
finite. Our theorem puts some limitation to such constructions: 
PROPOSITION 8. A virtually residually-p Prtifer group is polycyclic by 
finite. 
This follows immediately from the theorem. It also gives a partial answer 
to Problem 1.31 in the Kourovka notebook [K]. A related question which 
cannot be handled by our method is: Does a residually finite Priifer group 
have to be polycyclic by finite? 
In a different direction: It should be remarked that our characterization 
of finitely generated linear groups does not seem to settle easily the famous 
open problems of whether some specific groups such as the Artin braid 
group, the mapping class group, and the automorphism group of a free 
group are linear. We can still make the following remark: 
PROPOSITION 9. Let F= F,, be the free group of rank n. Then Aut F is 
linear if and only if the free group F has a characteristic p-congruence struc- 
ture {N, } 2 O for some p (i.e., N, is characteristic in F). 
Proof If Aut(F) is linear it has a p-congruence structure { N:}z, Let 
Ni= Fn N:, where F is identified with the group inner automorphisms. 
Then one can easily check (using condition (3’) at the end of Section 1) 
that this is a characteristic p-congruence structure of F. On the other hand, 
given such a p-congruence structure {N,} ,“= ,,then every automorphism of F 
is continuous in the topology determined by {N,} and hence can be exten- 
ded to an automorphism of the completion G. Thus we have an action of 
Aut(F) on the p-adic Lie group G and therefore on its Lie algebra. It is not 
difficult to check that this action must be faithful. 
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Finally, we mention that our theorem can be used to reprove or 
sometimes even to give slightly stronger versions of various linearity results 
of solvable groups (see [W. pp. 25-261 and the references mentioned 
there). But our methods give only representations over C and not over Q 
or Z as is sometimes done there. 
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